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Abstract 

The basic sequence of a homogeneous ideal I C R = k[x%, . . . , x r ] defining 
an Artinian graded ring A = R/I not having the weak Lefschetz property has 
the property that the first term of the last part is less than the last term of the 
penultimate part. For a general linear form I in xi, . . . ,x r , this fact affects in 
a certain way the behavior of the r — 1 square matrices in k[£) which represent 
the multiplications of the elements of A by x±, . . . , £ r -i through a minimal free 
presentation of A over k[l]. Taking advantage of it, we consider some modules 
over an algebra generated over k[£] by the square matrices mentioned above. In 
this manner, for the case r = 3, we prove that an Artinian Gorenstein graded ring 
A = k[xi, X2, X3]/ 1 has the weak Lefschetz property if char(fc) = and the number 
of the minimal generators of :a £ over k[x\, X2, £3] is two. 



Introduction 

From the viewpoint of standard free resolutions (see [2, Section 3]), homogeneous ideals 
defining curves in P 3 and homogeneous ideals in a polynomial ring k[xi, X2, £3] defining 
Artinian graded rings can be treated in the same manner to a certain extent. We have 
recently found a way to apply the method developed in [5] to the study of the weak 
Lefschetz property for Artinian Gorenstein graded rings. 

In [5] the structure of the standard free resolutions itself was the main theme and the 
results were expressed in terms of basic sequences (see [3, Section 2], [4, Section 1] or [2, 
Section 1] for the definition of basic sequence). In this paper we examine the behavior of 
a ring not having the weak Lefschetz property by analyzing a part of its structure which 
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is affected by the basic sequence of its defining ideal. In contrast to [5], our arguments 
are carried out in a way that does not depend too much on computations of the relation 
matrices appearing in the standard free resolutions, though most of our ideas stem out of 
observations of them. In that manner we can prove that an Artinian Gorenstein graded 
ring A := k[xi,X2, x 3 ]/I has the weak Lefschetz property if char(/c) = and the number 
of the minimal generators of \a t over k[xi, x 2 , x 3 ] is two for a general linear form 
£ (see Theorem 5.11). Our results include the case of height three Artinian complete 
intersections treated in [7, Theorem 2.3] and the case where min{ I | [I] t ^ } = 2 
treated in [9, Corollary 3.2]. 

Let us explain the main points shortly. Let R :— k[x±, . . . , x r ] be a polynomial ring 
over an infinite field k and / a homogeneous ideal in R such that A := Rj I is an Artinian 
graded ring. We assume that chosen sufficiently generally. In our proof, 

we consider a minimal free resolution 

O^F^L^A^O (1) 

of A over R* := k[x r ] with homogeneous homomorphisms <P and 7r of degree zero, 
where F := 0™^ R*{—n\), L := 0™\ i?* (/€*), (n r 1: . . . , n r ) is the last part of the basic 
sequence (a; n\ , . . . , nl; ■ ■ ■ ; n{, . . . , n r mr ) of / (see [3, Section 2]), and Ki, . . . , K mr is a 
nondecreasing sequence of integers. For each 1 < j < r — 1, let Xj be a matrix with 
components in R* giving a homogeneous linear map Xj : L(—l) — > L of degree zero 
which represents the linear map xxj : A(— 1) — > A over R*. Then L and Im($) are 
modules over the R* algebra R*[Xi, . . . , X J ._ 1 ] generated by Xi, . . . , X r _\. We see that 
A has the weak Lefschetz property if and only if n r mr > n 1 ^ 1 ^ by Lemma 4.6 and that 
something special happens to the R*[Xi, . . . ,X r _i] module L by Theorem 2.1 if n r mr < 
r In the case where A is Gorenstein of dimension zero, char (A;) = 0, r = 3, and the 
number of the minimal generators of :a £ over R is two, we are led to a contradiction 
by the above two facts if A does not have the weak Lefschetz property, estimating the 
length of a certain submodule of Rom k (A/x 3 A, k) = Ext 2 R ^ X3 ^(A/x 3 A, R/(x 3 ))(—2) in 
two ways, one by using (1) tensored with R/(x 3 ) and the other by using the minimal 
free resolution of A/x 3 A over R/(x 3 ). See Theorem 5.11 for the detail. 
This paper is organized as follows. 

In the first two sections, we consider an R module E which is finitely generated over 
R* := k[xp+i, . . . , x r ] (1 < p < r) with focus on the degrees of its minimal generators 
over R*. Let 

>F JL+ L JL+ E ^o 



be a minimal free resolution of E over R*, where F := @f =1 R*(— /cj), L := 0^=i R*(^i), 
and Ki, . . . , kq and k[, . . . , k'q, are nondecreasing sequences of integers. Let further Xj be 
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a matrix with components in R* giving a homogeneous linear map Xj : L( — l) — > L of 
degree zero representing the linear map xxj : E(—l) — > E over R* for each 1 < j < p. 
Under this setting, we can apply the method developed in [5, Section 3], which makes 
use of the fact that the above sequences of integers do not vary when a small change of 
variables performed. One of our major results here is Theorem 2.1 which 

says that, for every p satisfying k p < re p+ i, we have W v [Im(^)] < _ K C N p for all v > 0, 

where W:=X 1 + Y.U s i X > ( a * -.^efc), IM$)]<- Kp ■= t d <- Kp M*)l* and N p 
denotes the submodule of L consisting of all of its elements whose first p components 
are zero. This theorem and the results derived from it play crucial roles in the whole 
paper. 

The basic sequence of a module is the sequence of the degrees, lined up in a certain 
rule, of generators forming a Weierstrass basis of the given module with respect to 
sufficiently general [3, Section 2]). It is therefore natural that Weierstrass 

bases appear in our argument frequently. But, in some cases the conditions imposed on 
a Weierstrass basis are too restrictive. For this reason, we will use in this paper a basis 
satisfying relaxed conditions, which we shall call a pseudo Weierstrass basis. Section 
three is devoted to a description of its fundamental properties. 

In section four some results on the exact sequences (1) for Artinian Gorenstein 
graded rings are described in detail. At the same time we look into the structure of 
the R*[Xi, . . . , X r _i] modules L and Im($) a little. 

The main theorem of this paper is proved in section five (see Theorem 5.11). There, 
we work over an Artinian Gorenstein graded ring A = R/I such that r = 3 and the 
number of the minimal generators of \a ^3 over R is two, assuming char(/c) = 0. We 
first investigate the properties of the minimal free resolution of 1+ (rr 3 ) / (x 3 ) over Rj (x 3 ) 
and that of I over R. Then, combining the results obtained in section four, we reach 
our goal. 

In the final section, the basic sequence of a complete intersection of three homoge- 
neous polynomials is described. 

§1. A property coming from invariance under small homoge- 
neous transformations of variables 

The principal idea of the arguments of this section has already been presented in [5, 
Section 3] for studying a special case. We will enhance it to a more general formulation 
with some modifications. 

Throughout this paper, let yi, ■ ■ ■ ,y r denote indeterminates over an infinite field k, 
R the polynomial ring k[yi, . . . , y r ], m the maximal ideal (y±, . . . , y r ), 7y (1 < i < r, 1 < 
j < r) elements of k such that the matrix r := (7^) is invertible, and x±, . . . , x r elements 
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of R satisfying yi = Y^j=ilji x j (1 — * — r )- Given a matrix S in R, the set consisting 
of all the linear combinations of the columns of E over a ring Ring will be denoted by 
lm Rmg (S). For modules E, E' and £"', the symbol © will be used in the following two 
senses : (i) E' © E" = { (e', e") | e' G e" ££"}, (ii) £" C £, E" C E, E' n = 
0, £" © £" = { e' + e" | e' G e" e E" } C E. Usually the context will make it 
clear which it means. But in some cases, we will use another symbol © instead of © to 
express the direct sum in the first sense. The (Q, Q) unit matrix will be denoted by 1q 
and MAT(i?*) will denote the set of matrices with entries in R*. 

Let Ki, . . . , kq be a nondecreasing sequence of integers, p an integer with 1 < p < r, 
and Oj (1 < j < p) matrices giving homogeneous homomorphisms 

Q Q 

e r . 0^-1)^0^) 

i=l i=l 

of degree zero such that the components of Xi := a^lg — 0, lie in R* := k[x p+ i, . . . , x r ]. 
Suppose there are positive integers p, q with 1 < p < Q, 1 < q < Q — p satisfying k p < 
k p+ \ and q = max{ i \ k p+ i = ■ ■ ■ = n p+i , p + i < Q }. Take elements Sj G k (2 < j < p) 
and put zi := x x + Yfj=2 s i x i> W := X x + Yfj=2 s j X i> (2 ■= z x l Q -W = O x + YIj=2 s j®j- 
Let 



n 



C C" C'"' 
D' D" D'" 



U' :-- 



C" C" 
D" D'" 



U" :-- 



C"' 
D" 



where the number of the rows of (C C" C") (resp. (D' D" D'")) is p (resp. Q —p), and 
the numbers of the columns of D', D" and D'" are p, q and Q—p — q respectively. Notice 
that for each row of U" the degrees of its components are the same and that C" is a 
matrix whose components are zero or of degree zero in z x , x p+x , . . . , x r . Besides, C" = 
since the degrees its components must be negative. Choose V\ G GL(q, k) so that the 
columns of C"V\ different from zero are linearly independent over k. 
Put 



l p 
Vi 

1q_ p _, 



and U := U' 



Vi 
1 



p-q. 



Observe that z\ appears in U only in the form cz\ with some c G k. We may therefore 
write 



U = Zl U x + U , 



(2) 



where U\ (resp. U ) is a matrix with entries in k (resp. R*). Let S denote the graded 
module 0^=i R( K i) and deg(v ) the degree of an element v G S. We will regard the 



WLP and basic sequences 5 



columns of U as homogeneous elements of S. Note that the degrees of the first q 
columns of U are the same and equal to — k p+1 + 1, while the degrees of the remaining 
columns are smaller than that. Let b±, . . . , b m be all the columns of U of degree — k p+ i + 1 
which do not vanish modulo (z\,x p+ i, . . . ,x r ), and denote the remaining columns of U 
by ai, . . . , a n , where n := Q — p — m. Actually, {bi, . . . , b m } consists of all the columns b 
of U"Vi such that at least one of the first p components of b is an element of k different 
from zero by the choice of V±. On the other hand, deg(aj) < — k p+ i + 1 < —k p for all 
1 < i < n and the first p components of (1 < i < n) are zero. Notice that all the 
columns of U of degree — k p+1 + 1 vanish modulo (z±, x p+ i, . . . , x r ) when k p+ i > k p + 1. 
In that case, m = and n = Q — p. Let bi =: t (bu, . . . , and b" := t {bu, . . . , b pi ). The 
components of b'[ lie in k and the vectors b",..., b" m are linearly independent over k by 
the choice of V\. 

We construct a matrix H whose columns are z v ^x v p +l ■ ■ -x v r r ai {v\ + X^= P +i u j + 



deg(ai 



1 < i < n, i/i, Vp+i, ■ ■ ■ , v r > 0) arranged in a suitable order. Observe 



that the first p rows of H are zero. Since Q — z\\q e MAT(i?*), we see £/' — [ ] G 
MAT(i?*), so that 



G MAT(i?*). 



This implies that 



Q 



0^[^](^) = Im^iV^U) © ( ( ($R*[ Zl ]( Ki ) ) © ( if^ 

j=p+i 



j=i 



. i=l 



by [3, Lemma 1.1], where = k[zi, x p+ i, . . . , x r ]. Multiplying both sides of the 

above equality by V 2 on the left, we get 



i=i 



j=i 




Moreover, since an element of [R*[z 1 ](K i )]_ K is zero or lies in k for all 1 < % < p, we see 



Q 



©i2*[^i](«i 



i=i 



= Im^^^C/) 
= (6i, . . . ,6 m , i?) 



<3 



1=1 



©i2*(«i 



i=i 



(3) 



where (bi, . . . ,b m , H) denotes the vector space over spanned by bi, . . . , b m and the 
columns of H. Note that (&!,..., b m , H) = (H) when k p+1 > k p + 1. 
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We will denote a matrix Z with components in R by Z(xi, . . . , x r ) when we want to 
pay attention to the variables x±, . . . ,x r . Let (p + 1 < j < r) be parameters over i?. 
For a matrix Z = Z(xi, . . . , x r ) with components in R, let 



Z — Z • • • , £r> x 1i ■ ■ ■ j x r) '■ — % \ x li ■ ■ ■ i x pi x p+l + £p+l z l, ■ ■ ■ ,X r + Cr z l) 



and 



Z — Z . . . ,£ r ,Xi, . . . , Xp) 



Z(xi, . . . ,x p ,£p+iZi, . . . ,£ r zi) 

Z (£p+l, ■ ■ ■ ,£r,Xl, . . . ,X p ,0, . . . ,0). 



Observe that 



Z ( x p+l/ z \i ■ ■ ■ i x rl z \i x \i ■ ■ ■ i x p) — Z [Xi, . . . , X r 



(4) 



Now we consider bi,...,b m and H. Notice that their components are polynomials in 
zi,x p+ i, . . . ,x r . With the notation above, the components of b\, . . . , b m and H, therefore, 
lie in k[zi, x p+i , . . . , x r , • ••,&•] — R*l z i] ®fc k[£p+i, ■ ■ ■ , £»■]■ Let T be the local ring 
^ [£/£>+!> ■ ■ ■ ■> &•](£/>+!,■■■>&•) anc ^ ^ • • • ' ^rni H) T denote the submodule of 



0^[^](^) ® k T 
.i=i 



spanned over T by bi,...,b m and the columns of H, where [S T]- = [S] • 0^ T 
for j E Z. Note that (6 l5 . . . , 6 m , #) T = (-H')t i n the case k p+1 > k p + 1. Since 
bi(0, . . . , 0, xi, . . . , x r ) = 6j (1 < i < m) and H(0, . . . , 0, x±, . . . , x r ) = if, we find by (3) 
that 



i=i 



(6i,...,6 m , #)t 



Q 



0i?*(^)(g, fe T 



i=l 



(5) 



Put 



iV p :=0 p © ^0 i?*^ C ((gi?*^)) 

\i=p+l / \i=l / 



This is a module over if* consisting of all the elements of ©^ =1 R*{^i) C R(ni) = S 
such that the first p components are zero. Let v be an element of [iV p ] _ k . Note that 
no variables xi, . . . ,x p appear in t> although we write v = v(x 1 , . . . , x r ). We have 



y (£p+i> ■ ■ ■ ' £ r > *^i' ■ ■ ■ ' 
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= ^(&>+l» ^1, ••• , X r )§i + H(^ p+1 , . . . , £ r , X U . . . , X r ) ■ . . . , /;) 



i=l 



+ w (6) 



with §i, fi G T and u> G 
the columns of if . 



©2=i R*i K i) ®fc 7" by (5), where / denotes the number of 



Lemma 1.1. Let v and w be as above. Suppose that w = (mod . . . ,x r )). T/ien 



^Glm ii *^(a 1 ,...,a n )e^ 



v 



for all v > 0. 

Proof. Since t> G [-/Vp]_ re by hypotheses, the first p components of 5 are zero. Besides, 
since an element of [i?*^]^) Cg)^ T] is zero or lies in T for 1 < i < p, it follows from 
the assumption w = (mod (x p +i, . . . , x r )) that the first p components of w are also 
zero. On the other hand, the vectors b'- (1 < % < m) are linearly independent over T and 
the first p components of the columns of H are zero, since these properties are inherited 
from b", . . . , b" m and H. Hence, g t — for all 1 < i < m. In other words 

HtfH-1, ...,£r,Xi,...,X r ) = H(£ p+1 , . . . , X!, . . . , X r ) • . . . , /j) + W, 

so that 

v(6h-i» • • • » xi, . . . , x p ) = H(t P+ i, . . . , f r , xi, . . . , x p ) ■ *(/i, . . . , /,). 

Let z/ > be an integer. Since the denominators of /j (1 < % < I) lies in fc*+(£ p+1 , . . . , £ r ), 
there is a polynomial ^ £ (Cp+i? • • • ? ^r)^ +1 such that ^ := (1 + ipo)fi G k[£ p+ i, . . . , £ r ] 
for all 1 < i < I. Hence 

(1 + V'oK^+l, . . . , f r , Xi, . . . , Xp) = ZiH(£ p+1 , ...,£ r ,Xi,...,X p )- • • • , ^l)- 

Now substitute Xj/z\ for £ 3 - for all p + 1 < j < r in this equality. We find by (4) that 

(1 + 4>o(x p+1 / Z U . . . , Xr/zi^ZjU^p+i, . . . , X r ) 

= z\E{x x , ...,x r )- t (ip 1 (x p+1 /z 1 , . . .,x r /zi), . . . ,ipi(x p+1 /z 1 , . . .,x r /zi)). (7) 



Write 



ip j (x p+1 /z 1 ,...,x r /z 1 ) = ^2^ jli (xp +1 ,...,x r )/z^ 

M>0 
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for < j < I, where ipj P (x p+ i, . . . , x r ) is a homogeneous polynomial in x p+ i, . . . ,x r 
of degree \i for each j, /i. Notice that ip 0fl — for u, < v. Moreover, we can write 
di = Zidn + Ojo by (2), where an (resp. a^o) is a column of £/i (resp. £+,)• Compare 
terms with no factor Z\ in the denominators in the above equality (7). Then, since 
v G 0^=i R*{ K i) and each column of H is of the form zfx"/^, . . . ,x" r ai, we find that 
z\v is the sum of a finite number of vectors of the forms 

Z-y X p+l i • • • J X r Yjn\%p+li • • • j X r )(li 

r 

(deg(oj) ^2 v t = -k p , v t > (t = 1, p + 1, . . . , r), 

*=p+i 

z/i + z/ > yU, 1 < i < n, 1 < j < /) and 

, • • • , X r 1pj Ul + u +i( y Xp+i, . . . , 2J r )Oji 
r 

(deg(cii) i/ t = -k p , i/ t > (i = 1, p + 1, . . . , r), 

t= P +i 

1 <i<n, l<j<l). 

Since the first p components of an are zero for all 1 < i < n, our assertion holds. □ 
Lemma 1.2. Assumption being the same as in Lemma 1.1, we have 

W v v G N p 
for all v > 0. 

Proof. For v = 0, our assertion is trivial. Suppose v > 0. Using the equality f2 = 

ZiIq — W, we see 

z\v = Q Zi^W*' 1 j w + 

On the other hand, = coi + w 2 with Wi G Im^^ai, . . . , a n ) C Im^*' 21 ^), co 2 G iV p 
by Lemma 1.1. The vector 0J2 — W v v is therefore contained in Im R ' 2l ^(i7). Since the 
components of U2 — W u v are all contained in R* and Q is a square matrix such that 
Q = Zl l Q -W with W G MAT(iT), it follows that wa-W"?; = 0. Hence Wv G N p . □ 

Remark 1.3. When k p+ \ > k p + 1, the j-th column of 1+ lies in iVp for all j with 
P + 1 < j < Q- Hence WN P C iVp for all v > 0. 

Lemma 1.4. W%/i i/ie notation above, 

p Q 
S = Qlm k[x i'-' x r\O j ) © 0if (Ki). 
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Proof. By the same argument as that of the proof of [3, Lemma 1.1], 

Q Q 

0%r.^r]W = Im^'-^(0 i )©0fc[x J+ i,...,I r ](K l ) 
i=l i=l 

for all 1 < j < p. Our assertion follows by repeated use of this formula. □ 

Lemma 1.5. Let Ki (1 < % < Q), Oj (1 < j < p), p, q, N p , (p+ 1 < j < r), S and T 
be as above. Let Vi, . . . ,v$ be homogeneous elements of ®f =1 R* (Ki) and v an element 
of [N p ] fl lm R * (vi , . . . , v$) ■ Suppose that the number of the homogeneous minimal 
generators of 

S/lm R (0 1 ,...,0 p ,v 1 ,...,v s ) 

over R* of degree —k p is q' := max{ i \ K p _ i+ i = ■ ■ ■ = k p _i — k p } and remains 
unchanged for any small homogeneous transformation of variables x±, . . . , x r . Then, for 
every sequence s 2 , . . . , s p e k, the element w of 

' Q 

0iT(O<g) fc T 

-»=1 J -Kp 

defined by the equality (6) must be congruent to zero modulo (x p+ i, . . . ,x r ). 

Proof. Let S2, . . . , s p e k, and let z±, f2, U, bi (1 < i < m), and H be as above. We want 
to consider the R ® k k[£ p+1 , £ r ]-module Coker fl ® fcfcKp+1 '- ' ?r] (6>i, . . . , P , v u . . . , v s ) as 
a module over R* ®k k[£ p +i, . . . , £ r ], where Oi = <9j(£ p +i, . . . , £ r , xi, . . . , x r ) (1 < i < p) 
and Vj = Vj(£ p+1 , . . . , £ r , xi, . . . , x r ) (1 < j < 5). We see 

Q 

S = lm R (0 1 ,...,O p ) + Q)R*(K t ) 

i=i 

by Lemma 1.4, so that 

Q 

S® k T = Im^iGu . . . , p ) + iT(^) ® fe T. 

i=l 

Hence 

(5 ® fc fc[£ p+1 , ■ ■ ■ , ^) / W^^ 1 "" (©x, . . . , . . . , i5i) 

(i^M^+i,---,^)^ 
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over R* <g> fc k[£ p+1 , f r ]^ for some G k[£ p+1 , &]\(£ P +i, • ••,&■), where 
E' := I m ^ fc fc K P+ i,.. M . . . , © r> ^ . . . , ^) 

/ Q 



i=i 



Let ej := *(0, . . . , 0,1, 0, . . . , 0) (1 < i < Q) denote the canonical bases of 0^=i R*{^i)®k 
k[£p+i, . . . ,£ r ]. Then deg(ej) = — k p if and only if p — q' + 1 < i < p. Since the pa- 
rameters • • • , £r correspond to a small homogeneous transformation of the variables 
Xi, . . . , x r , our hypothesis implies by (8) that the q' vectors e p _ g / + i, . . . , e p must be lin- 
early independent over k(p) when considered in 



(R* ® k k[Z P+1 ,...,^)E> 



HP) 



for all points p G Spec(/c[£ p +i, . . . , £ r ]) in a neighborhood of the origin £ p+ i = ••• = & = 
0. We find therefore that the first p components of any element of E' of degree — k p 
must be zero. Let w be the element of ®^=i R*( K i) ®fc ^ °f degree — k p such that the 
equality (6) holds. The vectors bi (1 < % < m) and the columns of H are contained 
in W* 0fcT (0i, ...,^), andti 6 Im^^i, ...,{>*), so that iu G (i?* ® k T)E' . Hence 
«; = (mod (xp+i, . . . , x r )). □ 



§2. Matrices that represent operations of Xi, — , x p 

Let E be a finitely generated graded module over R. Suppose that there is an integer p 
satisfying 1 < p < r such that E has a minimal free resolution of the form 

-» ©i2*("«J) ©i2*(«i) E (9) 

i=l i=l 

over i2* = fc[x p+ i, . . . , x r ] with homogeneous homomorphisms $ and n. We assume here 
that the sequences «i, . . . , hq and nondecreasine;. Since E is a module 

over R, for each 1 < j ' < p, there is a matrix with components in R* giving a 
homogeneous linear map 

Q Q 
Xj: 0ir(^-l)^0iT(^) 

1=1 1=1 

of degree zero which represents the linear map 
x Xj : E(-l) — > E 
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over R*. 

Put Oj := XjIq — Xj (1 < j < p). Then each matrix Q 3 gives a homogenous 
homomorphism 

Q Q 

0j : - 1) — ► 

i=i i=i 

of degree zero. In what follows, for the sake of simplicity, let S and L denote the 
graded modules {B{ =1 R(K>i) and @f =1 respectively, and Ci the canonical base 

i 

*(0, . . . , 0, 1, 0, . . . , 0) of L C 5 for 1 < i < Q. We define a homogeneous linear map 
tt r : S — > E over R of degree zero by setting 7r R (ei) = 7r(ej) for all 1 < % < Q. Notice 
that 7r R (xjv) = Xj7T R (v) = Xj7r(v) = ir(Xjv) = 7T R (Xjv) for all v G L and 1 < j < p. 

As in the previous section, suppose there are positive integers p, q with 1 < p < 
Q, 1 < q < Q — P satisfying k p < k p+ i and q = max{ i \ k p+ i = ■ ■ ■ = K p+i , p + i < Q }. 
Let Sj (2 < j < p) be arbitrary elements of k, and define zi, W, Q and N p in the same 
way as before. Further we put 

for a graded module E and k <E Z. 

Theorem 2.1. With the notation above, suppose that r is chosen sufficiently generally. 
Then, W u [Im(^)]<_ Kp C N p for allu>0. 

Proof. Since each column of Oj lies in Ker(7r R ) for every 1 < j < p, one sees that 

p p 
^Im^'-'^iOj) C J2 ImR (°j) c Ker(7r i? ). 

j=l 3=1 

By Lemma 1.4, therefore, 

p p 
Ker(7T R ) = J2 lmk[Xj "'" Xr] (°3) + Ker( 7 r i? ) n L = ^ Im fc ^'-'^(6> j ) + Ker(vr) 
i=i i=i 
p p 

= imR (°j) + Im (^) = lmR ( e j) + imi? (^)- 

i=i j=i 
Let tfi denote the i-th column of <£> for 1 < i < Q'. Then 

E = S/lm R (0 1 ,...,O p , Vl ,..., VQ ,) 
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by what we have seen. Now suppose that r is chosen sufficiently generally. The non- 
decreasing sequences Ki, . . . ,Kq and k[, . . . , k'q, appearing in (9) do not change under 
any small homogeneous transformation of the variables X\, . . . , x r . Let v be an arbitrary 
element of [Im(<£)] d for some d < —k p . Since the resolution (9) is minimal over R*, 
no element of k* occurs in <P. This means that x^ Kv ~ d v e [-Np] fl lm R * (ip 1: . . . , </?q/). 

Hence x r Kp d W v v = W u x r Kp d v C N p for all v > by Lemmas 1.2 and 1.5. Thus 
Wv C N p for all v > 0. This proves our assertion. □ 

For each 1 < j < p, one sees that Xjlm((p) C Im(<£), since 7r(Xjlm(<P)) = 
Xj7r(Im(^)) = 0. Namely, Im($) is a submodule of L over the i2* algebra 
R*[Xi, . . . , X p ]. Varying S2, ■ ■ ■ ,s p , one can find something about R*[Xi, . . . , for 
v e L. But, it should be done carefully since i?*[Xi, . . . , X p ] is not commutative in 
general. In the following argument, we consider the columns of [Xj,X,-] = XiXj — XjXi 
as elements of L. Let 0^ denote the /-th column of [Xj,Xj]. 

Lemma 2.2. Lei £/ie notation be as above. 

(1) For every \ < I < Q , we have O^i G Im($). 

(2) The degree of 9iji is —ki + 2 for each 1 < I < Q. 

(3) [X,, X 3 ]N p C it" [Im(<2>)]<_ Kp + lm R \6 ijp+1 , 6 ijp+q ). 

Proof. Left to the readers. □ 

Theorem 2.3. With the notation above, suppose that r is chosen sufficiently gener- 
ally. Suppose further that char(/c) = and that . . . ,0ij P + q are contained in the 
submodule R*[Xi, . . . , X p ] [Im(<?)] < _ /{ for all i,j with 1 < i < j < p. Then we have 
R*[X 1 ,...,X p ][lm(cP)U_ Kp CZN p .~ 

Proof. We can write 

WV = E s ? • • • #4 



V\V-2....Vpl 



Ul-\ \-u p =u, 

Ui>0 (l<i<p) 



where ~& VlV2 ... Vp is the sum of monomials of the form X ix X i2 • • ■ X iv with I \ ii — j } — 
Vj for all 1 < j < p. Since s 2 , . . . , s p can be chosen arbitrarily, one sees by Lemma 2.1 
that 

CX^I^CJV, (10) 
To prove our assertion, it is enough to show that 

X h X i2 ...X iv [l^)]<- K CN P (11) 
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for all sequences ii, . . . , i u G {1, . . . , p} {v > 0). The cases v — 0, 1 follow directly from 
Theorem 2.1. Before proceeding further, notice that 

[X^X 3 \N V C R* [lm(4>)U_ Kp + J2x, t [Im(<Z>)]<_ Kp (12) 

by Lemma 2.2 and our hypothesis. Since [Im(^)] < _ K C N p and 2XjXj = XiXj+XjXi + 
[Xi,Xj], the case v = 2 follows from (10), (12) and the case v — 1. For z/ > 2 and for 
each monomial X ix X^ • ■ ■ X iv with Z | i t — j } = Vj for every 1 < j < p, we find that 

v\ 

— : — : Xi x Xi 2 ■ ■ ■ X iv 



v x \v 2 \ •■■v p \ 



£$v 1 V2-v p + ^2 X h ' ' ' X 3y, i X i ' X j} X j t ,+l X j t ,+2 ' ' ' X j„-2 > 

l<ii<P (l<K^-2) 

making repeated use of X^Xji = XjiX v + [Xj/,Xj/]. Assuming that (11) is true for all 
smaller values of z/, we see 

v\ 

— : — : r X ? - X ? „ • • • X,;, V 



Z/l!Z/ 2 ! • • • V p \ 

e iW 2 ...^ + ^ R*x h x j2 ■ ■ ■ x jfi [Xj, Xj]Xp. 

l<i<;/'<p, fi<v—2, 
l<ji<P (1<K/^) 

for all f G [Im^)^ . This, together with (12), leads us to our assertion by induction 
on v. □ 

Corollary 2.4. Let the notation be as above and suppose that T is chosen sufficiently 
generally. If char(/c) = and [lm(<P)]_ K +i+2 C R*[X U . . . , X p \ [Im(<2>)]< , £/ien 
ff[I ll ... ) I p ][Im(% K? CiV p . 

Proo/. One has % p+ i, . . . , 9 ijp+q G {Im(<P)]_ Kp+i+2 by (2) of Lemma 2.2. □ 

Proposition 2.5. W^/i the notation above, assume that p = r — 1. Suppose that x r 
is generated over R by [0 :BX r ] < -_ 1 /or an integer k. Then the following assertions 
hold. 

(1) Im($) generated over R*[X 1 , . . . ,X p ] by [lm(<P)] <k . 

(2) Suppose further that r is chosen sufficiently generally, that char(/c) = 0, and that 
k + Ki < 0. Let p be the largest among the integers i satisfying k + /tj < 0, 1 < i < Q. 
Then Im(<£) C N p and l R (E) = oo. 

(3) (Corollary 3.11 (Socle Lemma) (ii) of [8]) If char(/c) = ; Ir(E) < oo and T 
is sufficiently general, we have k > max{ d \ [E/x r E] d ^ }. 
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Proof. Put R* := R*/x r R*. When p = r — 1, the components of $ lie in x r R*. Besides, 
Tr(v/x r ) G \e x r for all v G Im(<P). Let denote the map from @f =1 R*(— + 1) = 
©£i + 1) to : E x r defined by := ir($(w)/x r ) for u) G 0^ + 1), 

where k; G ©2=i -^*( — + an d w = w (mod (x r )). It can be verified without difficulty 
that is a homogeneous isomorphism of degree zero over k. 

(1) It follows from the hypothesis that 
hn.*($/x r )cR*[X 1 ,...,X p ] [lm R \<P/x r )]^_ 1 + lm(<P), 

in other words, 

Im(<2>) C R*[X,, . . . , X p ] [Im(<2>)]<- + x r Im(<2>). 

Hence Im(<2>) = R*[X ± , . . . , X p ] [Im(<?>)]<~. 

(2) When p = Q, we have [Im(^)] < - = 0, so that Im(<5) = = N Q by (1). Next 
consider the case 1 < p < Q. Since £ < — k p by hypothesis and (1) holds, Im.{&) satisfies 
the required conditions for the assertion of Corollary 2.4 to be true. Hence 

Im(<2>) C R*[X 1: . . .,X P ] M*)]^ C N p . 

In consequence, the map 7r restricted to ©f =1 R*{ni) is an injective homomorphism into 
E, which implies that Ir(E) = oo. 

(3) Notice that —K\ = max{ d \ [E/x r E] d ^ }. Our assertion follows from the 
previous one. □ 



§3. Pseudo Weierstrass basis 

Throughout this section we work over a finitely generated graded module E over R. For 
a subset E" of E, let (xj, . . . , x r )E' denote the set XjE' + • • • + x r E' for 1 < j < r and 
(xj, . . . , x r )E' := {0} for j = r + 1. 

Definition 3.1. Let P = {eJ|l<i<r + l, 1 < I < mi } be a set of homogeneous 
generators of E, 

mi 

E® := k i x h • • • , x r ]e\ for all 1 < i < r + 1, and (13) 

2=1 
r+1 

£0 : = for all 1 < j < r + 1, (14) 

i=j 

where k[x i: . . . ,x r ] = k for % = r + 1 and Xw=i( ) = if = 0. We call P a 
pseudo Weierstrass basis of i? with respect to xi, . . . , x r , when it satisfies the following 
conditions. 
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(i) The module k[xi, . . . , x r ]e\ is free over k[xi, . . . ,x r ] for each pair i, I. 

(ii) The sum (13) is direct over k[xi, . . . ,x r ]. 

(iii) The sum (14) is direct over k. 

(iv) E = 

(v) For every triple I satisfying 1 < i' < j < r + 1, 1 < I < rrij, we have 



,...,x r )(^E^+EW. (15) 



A Weierstrass basis of E with respect to x±, . . . ,x r defined in [3, Section 2] is au- 
tomatically a pseudo Weierstrass basis of E with respect to xi, . . . ,x r . In the above 
definition, the condition (v) is a loosened form of the corresponding condition appearing 
in the definition of Weierstrass basis. 

Theorem 3.2. Suppose that the linear forms x±, . . . ,x r form a reverse filter-regular E- 
sequence (see [3, Definition 2.1]). Then there is a pseudo Weierstrass basis of E with 
respect to x±, . . . ,x r . In particular, there is a pseudo Weierstrass basis of E with respect 
to xi, . . . , x r if r is chosen sufficiently generally. 

Proof. See [3, Theorem 2.11]. □ 

Lemma 3.3. Let P = {e\\l<i< r + 1, 1 < I < rrii } be a pseudo Weierstrass basis of 
E with respect to x 1 , . . . , x r . Put E := Ej (H^(E)+x r E) and let e\ := e\ (mod (H^(E) + 
x r E)). Then { e\ \ 1 < i < r, 1 < I < rrii } is a pseudo Weierstrass basis of the R/{x r )- 
module E with respect to xi, . . . , x r -\. 

Proof. Left to the readers. See [3, Lemma 2.4, (3)] in which the notation is a little bit 
different from the present one. □ 

Lemma 3.4. Suppose that T is sufficiently general and let P — { e\ \ 1 < % < r + 
1, 1 < I < rrii } be a pseudo Weierstrass basis of E with respect to xi,...,x r . Let 
further (n 1 ; . . . ;n r+1 ) be the basic sequence of E (see [3, Definition 2.13]). Then n l = 
(deg(e\), . . . , deg(e^.)) up to permutation for all 1 < i < r + 1. 

Proof. By (v) of Definition 3.1, £< r+1 > = E^ is a module over R. One sees therefore 
that £< r+1 > C Hl(E) C Ui>o° -e 4 C E^ r+1 \ that is £< r+1 > = H^(E). This also 
holds for a Weierstrass basis of E with respect to xi, . . . ,x r by [3, (1) of Lemma 2.4]. 
Since { e\ +1 , . . . , e^ 1 } forms a basis of the vector space H^(E) over k, one finds 
that n r+1 = (deg(e^ +1 ), . . . , deg(e^ r 1 +i )) up to permutation. Consider the module E : = 
E/(Hl(E) + x r E) over R/(x r ). Then { ej | 1 < % < r, 1 < I < } is a pseudo 
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Weierstrass basis of E with respect to x±, . . . , x r -± by Lemma 3.3 and (n 1 ; . . .; n r ) is the 
basic sequence of E by Theorem 2.12 and Definition 2.13 of [3]. By induction we reach 
our assertion. □ 

Lemma 3.5. Let P = { e\ \ \ < i < r + \, 1 < / < m,i } be a pseudo Weierstrass basis 
of E with respect to x±, . . . ,x r . Then, 

REW C (x j+1 , ...,x r ) [J2eA + E^ +1 \ (16) 



,i=i 



for every 1 < j < r. 

Proof. Let us show our assertion by descending induction on j. We see by (v) of Defi- 
nition 3.1 that E^' +l ~\ is a submodule of E over R. This proves (16) for j = r. Suppose 
that 1 < j < r and that 



RE^ C (x j+2 , 



'j'+i \ 

Y^E^ +E^ +2 \ (17) 



Since E^ = E^ + E^ +2 \ we find by (15) and (17) that 

(xi, . . . , x r )E^ C (x j+1 , . . . , x r )E + k[x j+1 , x r ]E^ 
C (x j+1 , x r )E + E^ + RE^ 
C (x J+1 ,...,x r )E + E^ +1 \ 

so that 

yX\ , . . . , X r )E^ C (x j+1 ,...,x r )E + E^ 
by (17). Repeated use of this inclusion yields 

RE [j+1] C {x j+1 , x r )E + E []+1] . 
Since = E^\ we see that (16) holds for j again by (17). □ 

Lemma 3.6. Let P = { e\ \ \ < i < r + 1, 1 < / < m 8 } be a pseudo Weierstrass 
basis of E with respect to xi, . . . , x r and io, Iq be integers with 1 < i < r, 1 < l < m io . 
Let further n be a homogeneous element of RE^ 0+1 ^ of degree deg(ej°). For each pair of 
integers i, I with 1 < i < r, 1 < I < mi, put e'\ := e]° +rj if (i, I) = (i , l ) and e'\ := e\ 
otherwise. Then P' :— { e'\ | 1 < i < r + 1, 1 < / < m, } is also a pseudo Weierstrass 
basis of E with respect to x±, . . . ,x r . 
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Proof. Put 

rrii r+l 

E®' := k i x h • • • , x r ]e'\ for 1 < i < r + 1 and E®' := E^' . 

i=i i=j 

Claim 1. EW = E. 

Proof of Claim 1. This claim can be proved by induction on r — i . Consider first the 
case i = r. Since E^ io+ ^' = = H^{E) is a module over R, Rn e E^ Q+1 ^ . Hence 

E = C E^' + Rn C + Efo+V' = E^' c E. Now suppose that r - i > and 
that our assertion is true for all smaller values of r — i . Put E := E/(H^(E) + a; r 2?) 
and let fj, e\ and e'J denote the elements of E obtained from 77, e\ and e'\ respectively 
modulo 22° (2?) + x r E. Put further 

mi r 

E®' ■= ^ k[xi, x r _i]e'j for 1 < i < r and 2^' := ^ 

Then the set { e\ | 1 < i < r, 1 < / < mj } is a pseudo Weierstrass basis of the module 
E over R/(x r ) and 77 e (R/(x r ))B io+1 ^. Since (r - 1) - i < r - i , we have E = 2?W 
by our induction hypothesis. In other words, E = E^' + x r E. Since x r E^' C 2?W', 
plugging the above equality into E on the right hand side successively, we see that 

+ x r (E^' + x r E) 
= E®' + x 2 r E = £W + 

for all 1/ > 0. Thus 2?W = E. 
Claim 2. For all 1 < j < r, we have 

RE^> C (xj+i, . . . , x r ) j + E^ +1 K (18) 

Proof of Claim 2. Let the notation be as in the proof of Claim 1. We again show our 
assertion by induction on r — i . In the case r = i , E®' = E® and E^' = 22 M for 
l<i<r, E^ C E^' + Rq, E^' C E^ + Rn, and Rn G E^ 0+1 ^ = E^ = 22° (E). It 
follows therefore that 

RE [j+1]l C 2?£ b ' +1] + Rn 

C . . . , x r ) ^ eA + 2^ +1 l + 2^+H' 
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C (X j+1 , . . . , X r ) E(t) 'j + E[ ' +1] ' + R V + Eir+1] ' 

C( Xj+1 ,...,X r ) (i2 E{ A 



for all 1 < j < r. Suppose that r — i > and that (18) holds for all smaller values of 
r — iq. Then, since E = E^' and 

(R/(x r ))EW C (x j+1 , . . . ,x r _i) (X^'j + EU+1V 
for all 1 < j < r — 1 by the induction hypothesis, 

c(x j+1 ,...,x r - 1 ) [J2 Eit) ' ) + E^ +1] ' + H^(E) + x r E 



j=i 
j 



CZ(x j+l ,...,x r )(J2 E{i) ')+ Elj+1] ' 



j=i 



for all 1 < j < r. Besides, the inclusion (18) is clear for j — r. 

Claim 3. Y7i=i YlT=i 9i e 'i = ® w ^ n 9i e k[xi, . . . , x r ] for all i, I if and only if g\ = for 
all i, I. 

Proof of Claim 3. By (i) - (iv) of Definition 3.1, 

r+l nii 

dim^f^J = ^ J^dim fc ([A;[a; i ,...,a: r ]] I/ _ deg(e | ) ) for all v e Z 
i=i i=i 

On the other hand, 

r+l nii 

dim^^W'jJ < ^^dim k {[k[x i ,...,x r ]] v _ deg(e ,i ) ) for all v G Z. 
i=i «=i 

Moreover deg(e'J) = deg(ej) for all i, I by the definition of e'\. If there were a nontrivial 
relation YH=i Y^T=i 9i e 'i = ® w ^ n 9i e . . . , x r ] for all then dim fc ( [-E^'] ) < 
dinifc([£'] l/ ) for some v e Z. This contradicts Claim 1. Hence our assertion holds. 

The conditions (i) - (v) of Definition 3.1 are all satisfied by P' by Claims 1-3. □ 
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§4. Gorenstein graded rings of dimension zero 

In this section, we show how we can apply the results of section 2 to Gorenstein graded 
rings. 

Let / be a homogeneous ideal in R such that the graded ring A := R/I is of dimension 
zero and let B R (I) = (a; n\, . . . , n 2 a ; ■ ■ ■ ; n[, . . . , n r mr ) be its basic sequence. Notice that 
m r+ i = and n r+1 = since H^(I) = 0. Assume that r > 3 and that r is chosen 
sufficiently generally. Put p := r — 1 and R* := k[x r }. Let P — { fl | 1 < % < 
r, 1 < / < mi } be a pseudo Weierstrass basis of / with respect to 
®T=\ ^\ x i-> ■ ■ ■ > x Afi (1 < i < f) (see the previous section), and I' := ~Yf i=1 I® ■ Note 
that I = Y^i=i I® — I' + 1^ and that these sums are direct over R*. For the sake of 
convenience, we put R := Rj (x r ) = k[x 1 , . . . , x r _i], n := (x±, . . ., x r _i) C . . . , x r _i], 
_R* := R*/ Xr R*, A := A/x r A, I := I + (x r )/(x r ) C R and I := I/x r I. For an element 
/ G I, put f :— f (mod x r J) G I/x r I and f :— f (mod (x r )) G 7. 

Lemma 4.1. W^i/i i/ie notation above, R/I' is a finitely generated graded free module 
over R* of rank m r , 1^ C (x r ), /' fl (x r ) = x r I' , and the ring A has a minimal free 
resolution over R* of the form 

_> i2*(_ n r) R* {Ki ) JL^. A — > (19) 
i=i i=i 

with homogeneous homomorphisms I? and n of degree zero. Here, 0™^ -R*(/tj) — R/I' 
as R* -modules and the integers Ki, . . . , K mr satisfy ki < Ki + \ < Ki + 1 /or all \ < I < m r 
and n mr = 0. 

Proof. The exact sequence 

— ► J — >■ R — > A — >0 (20) 
induces an exact sequence 

— >■ Torf (A, R*) > J/x r J i2/(x r ) — >• A/rr r A — >■ 0. (21) 

By Lemma 3.3, the set { // | 1 < % < r, 1 < / < mi } is a pseudo Weierstrass basis 
of I/x r I with respect to x± : . . . , a; r -i and I^/x r I^ = 0™^ fc/f = 7^ + x r I/x r I = 
H°(I/x r I) = Ker(e) = Torf* (A, R*). In particular, f[ G (x r ) for all 1 < I < m r . Hence 
1^ C (x r ). Moreover, /' n (x r ) C I {r) + x r I = I {r) + x r V since /' n (x r ) (mod x r I) C 
Ker(e). Hence /' fl (x r ) = x r V . On the other hand, the exact sequence 

— > /< r > = ///' — >■ R/I' — y A — > (22) 
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yields another exact sequence 

— ► Torf (R/I',R*) — >• Torf * (A, R*) -A I^/x r I^ 

— > R/T + (x r ) -A A/x r A — ► 0. (23) 

One has the natural morphism over R* from the complex (20) to (22), which induces 
a morphism from (21) to (23). The map e'" followed by the natural surjection from 
I/x r I to I/x r I + 1' = 1^ / x r I^'\ therefore, coincides with e" . Since Im(e w ) = Ker(e) = 
1^ + x r I/x r I, it follows that Ker(e") = Ker(e w ) = 0. On the other hand, the map e' 
is an isomorphism since C (x r ) as we have already seen, so that e" is surjective. 
In consequence, one finds that Tot?* (R/I',R*) = 0. Hence RjV is a finitely generated 
graded free module over R*. Since Ir*(A) < oo, the rank of RjV over R* coincides with 
that of I^. The exact sequence (22) gives the desired minimal free resolution (19). 
With no loss of generality, we can choose k±, . . . , K mr so that they form a nondecreasing 
sequence. Suppose «j +i > Ki + 1 for some 1 < l < m r . Then [R] 1 [A] < _ K{ i C 
[AU_ KiQ+i+1 C R* [AU_ KIq+i by (19). Hence R [^]<_ /C(o+1 C if [^]<_ Kio+1 ^ A. Since 1 G 
[A] , the largest K mr must be 0. This means that 1 G [^]<_ K , therefore R [A] 



<- 



K h+ 1 



A, which is a contradiction. Thus Ki < Ki + \ < Ki + 1 for all 1 < I < m r . □ 
Lemma 4.2. With the notation above, 

~«1 = n mr-i ~ 1 = maX { d I [^r^ld 7^ }. 

Proof. It follows from the exact sequence (21) that I = Im(e) = I/H®(I). Observe 
that the basic sequences of I and I are the same and that the basic sequence of I is 
(a; n\ , . . . , n a ; ■ ■ ■ ; n^ -1 , . . . , ri^ 1 ) (cf. [3, Lemma 2.4]). By Lemma 4.1 applied to A, 
there is a minimal free resolution of A over i?* of the form 



iTC-np 1 ) — ► i2*(«0 ^ ^ >■ 0, 



i=l i=l 



so that min{ d \ [Ext^A, R*)] d ^ } = -rf'^. In addition, Ext^(A,i?*) = 
Hom fc (i4,fc)(l) by duality. Hence min{ d | [Hom fc (A, k)] d ^ } = + 1. On 

the other hand, max{ d\ [A] d 7^ } = —K\ by (19). Thus —K\ = —{—n 1 ^^ + 1), which 
proves our assertion. □ 

Lemma 4.3. With the notation of Lemma let {e±, . . . ,e mr } be the canonical basis 
°f ®T=i R*( K i)> an d f or eac h 1 < * < m r, let cji denote a homogeneous element of R 
satisfying e$ = fa (mod /') via the isomorphism — R/I' ■ Denoting by ipij 

the (i, j)- component of<E>, put e\ := Y^T=i <Pu9i e I ■ Then P :— { f\ | 1 < i < r — 1, 1 < 
I < m i }U{e[ I 1 < I < m r } is a pseudo Weierstrass basis of I with respect to Xi, . . . ,x r . 
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Proof. By its construction, P satisfies the conditions (i) - (iv) of Definition 3.1. On the 
other hand e[ G I^+x r I = x r I'+I^ by (21), since e[ lies in ln(x r ), i.e. e[ (mod x r I) G 
Ker(e). Moreover, since I' fl (x r ) = x r V and since both {e^, . . . , e r mr } and {/{, . . . , f^} 
modulo V form free bases of IjV over R*, it follows that f[ G YlT=i R* e i + x rl' ■ With 
the use of these observations the verification of the condition (v) of Definition 3.1 can 
now easily be carried out for P. □ 

The next lemma will be used afterwards in Section 5. 

Lemma 4.4. With the notation of Lemma 4-3, assume that f[ = Y^i<Pii9i f or °^ 
1 < I < m r from the first, namely P = P. Put P 1 :— P — { f[ \ 1 < I < m r } . Suppose 
further that there are /i, . . . , / s G Pi satisfying the following two conditions. 

(i) The polynomials fi, ■ ■ ■ , f s generate I minimally over R. 

(ii) p 1 ce; =1 ^. 

Let Xi (1 < i < p) be the matrices and Q^i (1 < I < m r ) the columns of [Xi,Xj\ 
mentioned in Section 2 associated with (19). // 1 < / < m r and 

dun k ([H° n (I)/nH° n (I)U l+2 ) + dnn*([//iJ]_ ((I+2 ) = dim fc ([//n/]_ Ki+2 ), (24) 

then 9 ijt G Eti Xi M#)U J+ i + x r [Im(<Z>)]_ K;+1 . 

Proof. Let f s+1 , f s+t be elements of { f[ | 1 < I < m r } such that f s+1 , . . . , f s+t 
minimally generate H®(I) over R. Since there is an exact sequence 

— > if°(J) — >I — > I — > 

by (21) and since the condition (i) holds, it follows that / is generated by /i, . . . , f s +t 
over .R. Hence / C (/i, . . . , / s +<). Moreover 

7< r > C £ i?/ s+j + x r /< r > + x r /' C ^ Rf s+j + x r Y, Rfi, 

j=l j=l i=l 

since /' C (f\,..., f s ) by the condition (ii). Now let <pi^ u denote the (fi, z/)-component 
of Xi. We have xfgi G XT=i 9AjM + /' and XiXfgi G XT=i #/W^^>* + RT- 

Likewise, xjXigi G YJ^Li X^=i 9^4>j,iJ,u4>i,ui + RI' ■ After subtraction, 

f ■= (<7l, • • • , 9m r )0ijl = ^ 9n ^{<t>i,nAj,vl - <t>j,iiv<t>i,vl) e -RJ' = (/i, . . . , / s ). 

/1=1 1^=1 

On the other hand, G Im($), so that / G Thus we can write / = X^ =1 /ii/j + 
E* =1 Kfj+s = Y^i=i Kfi w ^ n homogeneous /i, G x r i? and /i'-, /i-' G R. Notice that 
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deg / = —Ki + 2. Our assumption (24) means that the elements of degree — Ki + 2 taken 
from fi, . . . , f s+t are linearly independent over k when considered modulo nl. Since 
J2i=i(hi — h")fi + Y?j=i hjfs+j — 0, we must have hi — h" and h!- lie in m for all 
Moreover, RI^ = RI^ C x r V + /M = x r /' + 1^ by Lemma 3.5 and RV C J' + &\ 
Hence 

/ G x r RI' + (xi, . . . , x r )RI^ C x r /' + (xi, . . . , x r )x r I' + (xi, . . . , x r )I^ 
C (xi, . . . ,x r )J (r) + x r J' 

C . . . , £ m J X i Im (^) + ^ Im(#) j + /'. 

This implies our assertion. □ 

Definition 4.5. A graded ring A has the weak Lefschetz property (WLP) if there is an 
element £ G [A] 1 such that 



x£ : [A]. — > [A] 



i+l 



has maximal rank for every i G Z. i has the strong Lefschetz property (SLP) if there 
is an element £ G such that 

xf : [A] i — > 

has maximal rank for every i G Z and d G N. 

We are concerned only with WLP in this paper. In the case char(/c) = 0, another 
proof is available for the lemma below in [1, Proposition 3.4]. 



Lemma 4.6. The graded ring A has the WLP if and only if n\ > n 



r-1 
m r -i ■ 



Proof. Since max{ —ki | 1 < I < m r } = —K\ and min{ n\ | 1 < I < m r } = n{, the 
map xx r : [A] i — > ls surjective for all i > —K\ and injective for alH < n[ — 1 

by Lemma 4.1. If n\ > r'^ 1 _ l , then —k\ = n 1 n ^ r 1 _ i — 1 < n\ — 1, it has therefore maximal 
rank for all i G Z, that is, A has the WLP. On the contrary, suppose that n\ < r r ~^_ x . 
Then —K\ > n[. Since Ki < ki+i < Ki + 1 for all 1 < I < m r and K mr = 0, there is an 
li such that — Ki x = n\. In this case the map xx r : [A] ra r_ 1 — > [A\ n r can neither be 
surjective nor injective. Since the linear form x r is sufficiently general, this means that 
A does not have the WLP. □ 

Put socd(A) := max{ d\ [A\ d ^ }. 
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Lemma 4.7. With the notation above, suppose further that A is Gorenstein. Then, 
socd(A) = n r mr — 1 and there is a minimal free resolution of A over R* of the form 

— ► R^-O R*(-<n r +nl)^A^0 (25) 
i=i i=i 

u^/i homogeneous homomorphisms <5 and 7i of degree zero. 

Proof. By Lemma 4.1, one sees that Ext^(A, i?*) is a factor module of 0^ i2*(n[) by 
its submodule contained in x r i?*(n[). This implies that 

min{rf| [Ext^(A,^)]^0} = -n^. 

On the other hand, 

min{ d | [Hom fe (A, k)} d ^ } = - socd(A) 

and Ext r R (A, R)(-r) ^ Rom k (A,k) = Ext^(A, 1). Hence socd(A) = n^. - 1. 

Since Ext^* (4, .R*) = Hom fe (A, jfe)(l) = A(socd(A) + 1), it follows from the dual of 
(19) over R* that (ki, . . . , K mr ) = (— socd(A) — 1 + n{, . . . , — socd(A) — 1 + = 
( — n m r + n ii ■ ■ ■ ) — n m r + n m r )- Thus one obtains the exact sequence (25). □ 

Remark 4.8. In the case A is Gorenstein, one has \a tn = k(— socd(A)) and 

A(n r mr - 1) = Ext r R (A, R)(—r) - Ext^A, R*)(-l) - Rom k (A,k), (26) 

as mentioned in the above proof. Moreover, 

(0 : A x r )(socd(A)) = Rom k (A, k) = Ext^LA, R)(-r + 1). (27) 

Corollary 4.9. //A is Gorenstein, 



r „r— 1 



J = rf'^ - 1 = max{ d \ [A/x r A] d ^ }. 



Proof. Clear by Lemmas 4.2 and 4.7. □ 

Let /t mr , <£> and tt be as in Lemma 4.1, and Xj (1 < j < p) be the matrices 

as stated in Section 2. We identify <P with the matrix representing itself. Put L := 
©2i-R*(«i) and F := ©2i -R*(-raJ). For each 1 < i < p, let be a matrix in R* 
which gives a homogeneous homomorphism Y { : F(— 1) — )• F satisfying = <£Y^. 
Since 7rXj$ = Xj7r^ = 0, such a Yj exists indeed for each i and is determined uniquely 
by Xi and <P. They make the following diagram commutative : 



F(-l) L{-1) — =-)• 



(28) 



>• 



For a module M over i?*, we will denote by M v the dual module Hom R *(M, R*). 
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Remark 4.10. Suppose that A is Gorenstein. 

(1) Since the dual of (25) gives a minimal free resolution of the i?*-module A(n r mr ) = 

over R*, we may assume that Im($) = Im^ (*<Z>). Moreover, since the 
isomorphism A{n r mr ) = Ext^*(A, R*) is also an isomorphism over R, the multiplication 
by *Yj of an element of F v represents the multiplication by of the corresponding 
element of A. We can therefore choose Xi, Yi (1 < i < p) and so that every column 
of *Yi — Xi lies in Im($). In particular, *Yj = (mod x r R*). 

(2) Without changing F and L, one can normalize $ to a symmetric matrix such 
that there is only one nonzero component in each row and column. But when that is 
done, one may only be able to say that every column of C~ u YiC — Xi lies in Im($) with 
an invertible matrix C . Moreover, A has the strong Lefschetz property if and only if a 
normal form of $ mentioned above is a diagonal matrix. 

The canonical basis of F (resp. L) over R* will be denoted by {ef , . . . , e^ r } (resp. 
{ef, . . . , e^ r }). Further, the canonical basis of L v will be denoted by {ef*, . . . , e^* } in 
a standard way. Given an integer u with 1 < u < m r , let 

u 

M 1>u :=Y ( R*[X 1 ,...,X p ]$e(, 
i=i 

u u 

M 2 , M := #f • • • > %] e f*> M 3,« := £ " " " ' *f " 

Then, M ljU is a sub module of L over the i?*-algebra R*[X 1: . . . ,X p ], M 2jM a sub module 
of V over iffXi, ...,%], and M 3)U a submodule of F over R*\Y X , . . . , Notice that 
iT r [X l ,...,X„]#ef = 0_R*[Yi,...,Yp]ef for all 1 < I < m r by the commutativity of 
(28). 

Lemma 4.11. With the notation above, we have M^ u = <PM^ U and rankR*(Mi iU ) = 
rank^*(M 3jM ) for all 1 <u < m r . 

Proof. Since <P is a square matrix with det(^) ^ by Lemma 4.1, our assertion follows 
from the preceding observation. □ 

Lemma 4.12. With the notation above, suppose thatn\ < ri^ 1 . Putp := max{ I \ n\ + 
K\ < 0, 1 < / < m r } and p := max{ I | n[ + K p < 0, 1 < / < m r } ; and /ei 

7V p := P © ^©^T p+ i R*(K>i) j C L be the R* module as in Section 1. Suppose further 
that R*[Xi, . . . ,X p ] [Im(^)] < Kp C N p . Then the following assertions hold, where ( , ) 
denotes the canonical pairing of L and L y . 

(1) M hp C N p . 
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(2) (v, x) = for all v G and x £ M 2)P . 

(3) Given integers u and u' with 1 < u < p, 1 < u' < p, there is an injective 
homomorphism n u y : M 2jn — > HoniR* (L/M lu /, i?*) over . . . , *X p ] under which 
the image of x £ ^2,« ^ s homomorphism r) u y(x) defined by f] u y(x)(v) = (v,x) f or 
v — v (mod Miy) G L/Miy. 

(4) rankR*(Mi i)3 ) + rank^* (M 2;P ) < rank^*(L) = m r . 

Proof. Suppose n\ < r^^. Then n\ + K\ — n\ — ri!^_ 1 + 1 < by Lemma 4.2, so that 
p and p exist. Let <fi be the i-th column of <P for 1 < i < m r . Since ipi is different from 
zero and its components lie in x r R*, we see p < m r , k p < k p+1 . Suppose further that 
R*[X 1 ,...,X P ] [lm(<P)U_ Kp C N p . 

(1) For every 1 < I < p, one has deg($ef ) = n\ < —k, p , in other words, <Pef G 
[Im(<£)]< . Therefore R*[Xi, . . . , X p ]<Pe[ G iV p for every 1 < / < p by our assumption. 
Hence M hp C iV p . 

(2) Given t> G Mi jP - and x £ -^2, P , (^i^,x) — ( v ^iX) f° r all 1 < i < p. It is 
therefore enough to verify that (v, e\ *) = for all t> G M ljP - and I < I < p. But this 
holds since Mi :P C iV p by (1). 

(3) The assertion can be verified with the use of (2). 

(4) By (3), we can consider the homomorphism r] p ^ p : M 2p — > HoniR*(L/M lij5 , R*). 
Since i] PyP is injective, rank#* (M 2iP ) < rank j R*(L/Mi ij5 ) = rankfi*(L) — rankR*(Mi ii3 ), 
which proves our assertion. □ 

Next we consider the modules, the matrices and the homomorphisms which have 
appeared so far modulo x r . Put R* := R k /x r R* = k, L := L/x r L = 0™^ 
F := F/x r F = 0"^ fc(-nj), and I* := L y /x r L y = Hom fc (L, fc). Denoting X< (mod x r ) 
and Yi (mod x r ) by Xj and % respectively, let further 

u 

M 2 , u = ^A;[*X 1 ,...,'X p ]ef*cZ*, 
i=i 

u 

M 3 ,„^l:[y lr .,?JefcF 

2=1 

for 1 < it < m r . We have a commutative diagram 
Z(-l) -JU 



a. 



XI. 
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Besides, 



L^A, F = Toi^* (A, R*) = (0 : A x r )(-l), 
L* = Hom fc (A, k) = Ext r ^\A, R)(-r + 1), 
rank fc (Ext^" 1 (A,^)) = m r . 



(29) 
(30) 
(31) 



Furthermore, if A is Gorenstein, 



M 2 , M = 



M, 



\u(n r mr ) for all 1 < u < m r 



(32) 



by (1) of Remark 4.10. 

Lemma 4.13. With the same assumption and notation as in Lemma \.12, we have 
rank fc (M 3) p) + rank fc (M 2 , P ) < m r . 

Proof. Let w±, . . . , w$ be elements of M 3ii5 such that w\, . . . , ws G M 3j p are linearly in- 
dependent over k with Wi := Wi (mod x r ). Then w\, . . . ,w$ are linearly independent 
over R*, too. Since every element of M 3t p comes from that of M 3i p modulo x r , we see 
rankfc(M 3j p) < rankR*(M 3i p). The same holds for M2 iP and M2,p- Hence rankfc(M 3j p) + 
rankfc(M 2 , P ) < rank/j*(M 3i p) + rank^*(M 2iP ). On the other hand, rank^M^p) = 
rank^*(M 3j p) by Lemma 4.11. Thus rankfc(M 3j p) + rankfc(M 2jP ) < m r by (4) of Lemma 
4.12. □ 

Remark 4.14. Observe that vr(<Pef /x r ) G \a x r by the argument of the proof of 
Proposition 2.5. Let p and p be as in Lemma 4.12. Since R and A are commutative, we 
find by Theorem 2.1 that Rii{$e( /x r ) C tt(N p ) for all 1 < I < p if char(A;) = and T is 
sufficiently general. 

Lemma 4.15. Let g 1 ,...,g r G R be homogeneous polynomials of degrees di,...,d r 
respectively which form an R-regular sequence and let I := (gi, . . . ,g r ) C R. Suppose 
that r is chosen sufficiently generally. 

(1) If char(/c) = and 2di < d\ + • • • + d r — r + 2 for all 1 < i < r, then I := 
I+(x r )/(x r ) C R is minimally generated by g±, . . . ,g r over R, where g^ := gi (mod (x r )). 

(2) // 2d { > d x + • • • + d r - r + 2 for some l<i<r, then R/I has the WLP. 

Proof. For the case r = 3, see [10], too. Now, let us prove (1) first. Suppose to the 
contrary. Rearranging g ly . . . , g r if necessary, we may assume without loss of generality 
that g r G (g±, . . . , g r -i) for all sufficiently general r. Put A' := R/(gx, ■ ■ ■ , SV-i) and 
A' := A'/x r A'. Then A = A'. Since gx, ■ ■ ■ ,g r ~i form an .R-regular sequence, we see 
: A x r = Ext^ 1 (A, J R)(-r + l-socd(A)) = A'(-d r + l) by (27). The module : A x r is 
therefore generated over R by [0 : A x r ] <dr _ v On the other hand, socd(A) = socd(A') = 
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di + • • • + d r -i — (r — 1). Hence we must have d r > d± + • • • + d r _\ — r + 1 by (3) of 
Proposition 2.5, which contradicts our hypothesis. 

To prove (2), we may assume with no loss of generality that 2d r > di + • • • + d r — 
r + 2, rearranging g±, . . . ,g r if necessary. Let the notation be the same as above. Since 
<7i, . . . ,g r -i,x r form an i?-regular sequence, the i?-module A' is a free module over R*, 
so that there is a nondecreasing sequence k,i,...,kq such that A' = 0^=i R*(Ki)- Here, 
—Ki = socd(A') — di + h d r -i — (r — 1). We obtain a free resolution 

Q Q 

— ► A iT(^) = A' — >■ A — >■ (33) 

i=i i=i 

of A :— R/I over i2* with another nondecreasing sequence k^, . . . , Kq,. Let g r denote 
g r (mod (y 1; . . . ,g r ~i))- Since Im($) = Rg r , we have re^ = d r . Hence k[ + Ki — d r + Ki > 
1. This implies that the resolution (33) is minimal and that A has the WLP by the 
argument of the proof of Lemma 4.6. □ 



§5. The case where r = 3 and :a x s is minimally generated 
by two elements 

In this section, we consider homogeneous ideals I in R with r = 3 defining Gorenstein 
graded rings R/I of dimension zero such that \a %3 is minimally generated by two 
elements. For our purpose, it is necessary to have information on free resolutions of I 
over R in relation with free resolutions of I over R. Let us begin with some general 
properties. 

Lemma 5.1. Let E be a finitely generated graded R-module of depth m (_E) > r — s + 1 
(1 < s < r), R := Rj (x s , . . . , x r ), m := m/ (x s , . . . , x r ) and E R := E/(x s , . . . , x r )E. 
Let further A'. : G', — > E R /H^(E R ) and A'.' : G", — > Hg(E R ) be free resolutions of 
E R /H^(E R ) and H^(E R ) respectively over R. Suppose that the linear forms X s , . . . , Xf 
form an E-regular sequence. Then, there is a free resolution A, : G. — > E of E having 
the following properties. 

(i) G j = G' J ®G';forallj>0. 

(ii) Let zu'j : Gj — > G'j and zu" : Gj — > G" be the natural projections and put 
A^ — zu' o A,|(7' ; A^ = zu" o \A G , , A^ = zu' o XAq", and A^ = zu" o XAo" ■ Then 
X^ = (mod (x s , . . . , x r )) for all j > 1. 

(iii) (G'„ A'.) = (G: ® r R, Ai X) ® r R) and (G".', A'.') = (G'l ® R R, a! 4) ® r R). 
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(iv) The map ®rR represents the element ofExt^(E^/H^(E^),H^(E^)) corre 
sponding to the extension E R of H^(E r ) by E R /H^(E R ). 

Proof. Since E R lies in the middle of the exact sequence 
— ► Hg(E R ) ^E R ^ E R /H°(E R ) — ► 0, 

» E R of E R such that 



(34) 



there is a free resolution A. : G, 



a;. o 

A"' 



for all j > 0. 



Let G'j (resp. G") be the free iZ-module such that G'j <S> R R = G'j (resp. G" ® R R = G'j) 
and Gj := G^- © G". Since the sequence x s , . . . ,x r is -E 1 - regular by hypothesis, one can 
construct a free resolution A, : G, — > E satisfying all the conditions (ii) - (iv). □ 

Given a module E over R, let # m i n (E) denote the number of the minimal generators 
of E over R. 

Corollary 5.2. Let I be a homogeneous ideal in R such that the graded ring A := R/I is 
of dimension zero and let A := A/x r A and! := I+(x r )/(x r ). Then# m i n (I) < # m m(-0 + 
#mm(0 -a x r ). If further A is Gorenstein, then# min (I) < # m j n (7)+# m j„(Ext^ _1 (A, R)). 

Proof. By (21), : A x r ^ Torf*(A, R*)(l) = H°(I)(1) and //#£(/) = I, where n := 
m/(x r ) C R and / := I/x r I. Our assertion therefore follows from (34) and (27) since 

In the rest of this section, unless otherwise specified, we assume that r = 3 and that 
/ is a homogeneous ideal in R defining a Gorenstein graded ring A :— R/I of dimension 
zero with the property # m i„(0 :a £3) = 2. Notice that the condition # m j„(0 :a £3) = 2 
is equivalent to # m i n (I) = 3 by (27) in our case, where I :— I + (x 3 )/(x 3 ) C R :— 
R/(x 3 ) = k[x 1 ,x 2 \. 

Example 5.3. There is indeed a Gorenstein graded ring with the property mentioned 



above which is not a complete intersection. Put g\ := — y\, g 2 '■— y\y\, g 3 



vlvl 



yl, 



,3„,4 



94 ■■= VMs, 95 ■= ~yh and 1 '■= (91,92,93,94,95) C R = k[y u y 2 ,y 3 \. For each 1 < i < 5, 
the polynomial gi is equal to the Pfaffian of ylQ) up to sign, where 



A 







-yl 
-yl 






-y\ 
-yl 
-yl 





yi 



-yl 



yl yi 

yl yl 

yl 
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maximal minors of 



vl vl vl 
vl vl 



and ylQ denotes the alternating matrix obtained from A by deleting its 2-th row and 
column. Hence the ring R/I is Gorenstein by [6, Theorem 2.1]. Let a and b be suffi- 
ciently general elements of k, and put x 3 := y% + ay\ + by2, g% '■— gi(yi,V2, —ayi — by 2 ) 
(1 < i < 5) and / := (#i, #2, #3, #4, #5) C R = R/(x 3 ). By direct computations 
one can verify that I = (g~i, g 2 , #3). Since J := (gi, #2, #3) C R is generated by the 

, one can compute dim^Qj^) and dimfc([J]^) for all 

I G Z and find that B R (J) = B R i{I) = (5; 5, 6, 6, 7, 7). Since deg(g 4 ) = deg(g 5 ) = 7, 
it follows that n\ — 7 — n\. Hence R/I has the WLP by Lemma 4.6. In fact 
B R (I) = (5; 5, 6, 6, 7, 7; 7, 7, 8, 8, 8, 8, 9, 9, 9, 9, 9, 10, 10, 10, 10, 11, 11, 11, 12, 12, 13). 

Lemma 5.4. Suppose that char(/c) = ; # m j„(0 \a x 3 ) = 2, and that r is chosen 
sufficiently generally. Let (a; n\ , . . . , n 2 ; nf, . . . , nf) be the basic sequence of I. Then, 
there are integers n, d±, d 2 , d% with < d\ < d 2 < d%, d 2 < n < n\ + 1, n < n 2 + 1 such 
that I has a minimal free resolution of the form 

— > R(-n) © R(-n 2 a - 1) i?(-di) © R(-d 2 ) © R(-d 3 ) ^1^0 (35) 
over R. 

Proof. The basic sequence of / is (a; n 2 , . . . , n^), so that J has a free resolution of the 
form 

a a 

— ► R (~ n " "!)—»• ^(-«) © — > 7 — > ( 36 ) 

i=i i=i 

(see e.g. [2, pp. 10 - 13]). Since # m i n (I) = 3 by hypotheses, after elimination, the above 
resolution reduces to the form (35), where d\ = a, d 2 = n 2 , d 3 = n 2 and n = n 2 + 1 for 
some i,j with 1 < % < a, i — 1 < j < a. It remains to show that n < n\ + 1. Since 
socd(A) = n\ - 1 and : A x 3 ^ Ext|(A, fl)(-2 - socd(A)), it follow from (35) that the 
module :a ^3 is generated by [0 :a x z\< n -i+i-n over By (2) of Proposition 2.5 and 
Lemma 4.7, we must have (njj + 1 — n + 1) + (— njj + nf) > 0. Hence n\ + \>n. □ 



For a sequence B = (a; u 2 ; u 3 ) = (a; vf, . . . , z/^; i/f , ... , of integers, put 



+ i=l 



for /i 6 Z, where 



^ J := — ~— r~! if /x > 1/ > and ( ^ J := otherwise. 
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Given sequences B as above and B' = (a'; v' 2 \ u' 3 ) = (a'; i/f , . . . , v' 2 a ,\ v'\ , . . . , z/'^,), we 
will write B ~ B' to mean that h B (fi) = h B >(fi) for all /i G Z. We further define a 
relation B = B' to mean that a = a' and that v l = v H up to permutation for i — 2, 3. 
Given a sequence (Z^i , . . . , Zjj.) (1 < j < m), we will denote by ((Iji, ■ ■ ■ , ljij)i<j<m) the 
sequence (7n, . . . , l 2i , . ■ . ,l 2 i 2 , • • • Jmi, ■ ■ ■ Jmi m )- 

Lemma 5.5. Let gi,g 2 and g 3 be homogeneous polynomials in R of degrees di,d 2 and 
d 3 (1 < di < d 2 < cfa) respectively which form an R-regular sequence. Let further 
I := (<?i, #2, #3) C R be the homogeneous ideal generated by them. Then Br(I) ~ B° , 
where 

u 02 := (d 2 ,d 2 + l,...,d 2 + d 1 -l), 

z/ 03 := {{d 3 +j,d 3 + l+j,...,d 3 + d!-l + j) <j< d2 -i) 

and B° := z/ 02 ; z/ 03 ). 

Proof. It follows from the minimal free resolution of / over i? that 



h B R (i){^) = dim fc ([7] 



f i-d 1 + 2\ (u,-d 2 + 2\ (u,-d 3 + 2 

- rfi - d 2 + ^/i - d 2 - d 3 + - d 3 - d\ + 2 

+ ( V-di-*-cfe + 2\ (3?) 



2 



+ 



/i - di + 2\ + At - d 2 - i + 1\ + (V ~ d 3 - i - j 

' + i=0 ^ ^ ' + i=0 j=0 ^ 

for all u, G Z. This implies our assertion. □ 

For the sake of completeness, we will include a proof for the height three Artinian 
complete intersection case in our argument of the main Theorem 5.11, so that we need 
the following lemma which may follow from the results of [10] and [7]. 

Lemma 5.6. With the notation of Lemma 5.5, let (a; n 2 , . . . , n 2 ; nf, . . . , nf) be the basic 
sequence of I and A := R/I. Let further n be the integer stated in Lemma 5.4- Suppose 
that r is chosen sufficiently generally and that char(/c) = 0. 

(1) If d 3 > di + d 2 — 1, then B R (I) = B°. In particular, n 2 a = d 2 + di — 1 < d 3 = n\. 

(2) If d 3 < di + d 2 - 1 and n\ < n\, then n 2 + 1 - n > 2. 
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Proof. Suppose first that d 3 > d± + d 2 — 1. Then A has the WLP by (1) of Lemma 4.15, 
so that n\ > n 2 a by Lemma 4.6. Since the smallest term of z/ 03 is not less than the largest 
term of z/ 02 , we find by the equality h BR (i){u) = h B o{u) (/i G Z) that B R (I) = B°. 

Next assume that d 3 < di + d 2 — 1 and that < nj. By Lemma 5.4, we have n < 
nf+1 < n 2 a < nl+l, so that n 2 a +l—n > 1. Since (36) reduces to (35) by eliminations, the 

transpose of the matrix & appearing in (35) must be of the form ll L/ = ( ^ n 

V^ 21 # 22 923 

with (a) £13 = 0, deg(g 23 ) = 1 or (b) deg(g 23 ) > 2. Let & := # (mod (x 3 )) G -R. In 
the case (a), i?i = g 23 g\ 2 , #2 = 92z9\\ up to multiplication by a constant respectively. 
But g~i,g 2 must be relatively prime, since the polynomials gi,g 2 ,g 3 form an i?-regular 
sequence and r is sufficiently general. Hence only the case (b) occurs. By (27) and (29), 

b 

fc(-n? + 1) = : A x 3 = Rom k (A, k)(-n 3 h + 1) = Ext|(A, i?)(-n 3 - 1), (38) 
i=i 

and — 1 = n 3 — n 2 , by Corollary 4.9. Now consider the case n 2 a + 1 — n = 1. First, 
dinifc([0 :^ x 3 ] n z) = 3 by (38) and the form of $ . Secondly, n = n\ + 1 = n 2 , so that 
2nf = nf = di + d 2 + d 3 — 2. Observe that n\ — 2 — di > —2 (i = 1, 2, 3) and that 



n 



di — dj < — 2 (1 < i < j < 3). The map xx 3 : L4] ra 3_ 2 — > [A] n 3_ 1 is injective by 
the argument of the proof of Lemma 4.6, [0 : A x 3 ] n ,i = [Komk(A, k)]_ n 3 +1 by (38), and 

("2 1 ) + ~ (2)+ = I 2 fOT a11 I 2 ^ °" HeI1Ce ' 

dim fc ([0 : A x 3 ] n s) = dim fc ([A] n 3_ 1 ) = dim fc ([A] n 3_ 1 ) - dim fe (L4] n 3_ 2 ) 

= &M[R}nl-i) ~ <W[i2] n? _ 2 ) - dim fc ([/] n3 _ 1 ) + dim fc ([/] n3 _ 2 ) = 2 

by (37), which is a contradiction. Thus n 2 + 1 — n > 2. □ 

Lemma 5.7. Notation being as in Lemma 5.4, let further <L>, n, 9^ and X { be as in 
Sections 2 and 4- 

(1) If n\ < n 2 ., I = (gi,g 2 ,g 3 ) with homogeneous polynomials gi,g 2 and g 3 of degrees 
d±,d 2 and d 3 (1 < di < d 2 < d 3 ) respectively and d 3 < d\ + d 2 — 1, then [Im($)] n 3 +1 = 

^Xipm^+U M*)]„»- 

(2) // # mm (J) ^ 3, tfien # mm (J) = 5 and ^ G £L*< M#)]„3_„3+i + 
x 3 [Im(^)] n 3_ n?+1 for alll<l<b. 

Proof. (1) We have n 2 + 1 — n > 2 by (2) of Lemma 5.6 and n 3 , — n 2 = n\ — 1 by 
Corollary 4.9, so that [0 : A x 3 } n 3 = Yll=i x i[® '-A ^Inf-i by (38)- As in the proof of 
Proposition 2.5, we see that 

2 

[\m R \<P/x r )] ni C ^Tx, [im^Wxr)]^ + [Im(^)] n 3 , 
i=i 
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from which follows our assertion. 

(2) Let {fl, fi, . . . , f 2 , ff, . . . , } be a pseudo Weierstrass basis of / with respect 
to xi,X2,X3 and let A'. : G' m — > I / H®(I) = I and A'.' : G" % — > H®(I) be free resolutions 
of I and H°(I) respectively over R such that A' = (/!/? ... f 2 a ), A' ' = (/? ... /f). 
Here, we can choose A', so that there is no unit in the first row of X[. Then, there is 
a free resolution A. : G, — > I of I having the properties stated in Lemma 5.1. Since 
H^miniJ) — 3 by assumption, the rank of \[ (mod m) over k is a — 2. After a suitable 
column transformation of Ai^ and a change of numbering of j\ , . . . , fl , if necessary, 
the relations given by the columns of \i\g\ are of the forms 

2 6 

hull + E + E h i+^ifi = (1 < ^ < 2), 

2 6 

^li/i 1 + E Vni/f + + E Wii/i 3 = (3 < % < a). 

3=1 1=1 

Put /'? := /? + Eli ft 1+ a + i,/i 3 for 3 < ? < a, ft := A 1 , / 2 := f\ and / 3 := /|. Then 
P := {/*, , /|, /'g, . . . , ff, . . . , } is a pseudo Weierstrass basis of / with respect 
to Xi, X2, X3 by Lemma 3.6. We may further assume by Lemma 4.3 that ff = Y^i=i <Pu9i 
for all 1 < I < b with the notation there. Now the sets P, P\ := P — {ff, . . . , ff} and 
the polynomials ft, ft, ft satisfy the conditions (i) and (ii) required in Lemma 4.4. To 
verify (24), recall the exact sequence 

— > if°(J) — >I — > I — > 0. 

Since # min (J) = 3 by hypotheses, we see 3 < # min (I) = # min {I) < 3 + 2 = 5 by 
Corollary 5.2. On the other hand, # m j„(I) must be odd since A is Gorenstein. Besides, 
#min(I) 7^ 3 again by hypotheses. Hence # m i„(/) = 5. This implies that the sequence 

— > #°(/)/n#°(7) — >■ I/xd — ► J/nJ — > 

is also exact. Hence the condition (24) holds and our assertion follows from Lemma 
4.4. □ 

From now on through the end of this section, let the notation and the assumption 
be as in Lemma 5.4. Let further g~\, g~2 and g% be homogeneous elements of I with gi £ I 
and deg(i?j) = di {% = 1,2,3) giving a system of minimal generators of I. Taking the 
dual of the minimal free resolution described in Lemma 5.4, we get an exact sequence 

—>R(n 2 a + 1)/ Im*(¥) n R(n 2 a + 1) Ext|(A, R) 
—>R(n)/(g n ,gi2,gi3)—>0, (39) 

where ¥ = ( ? u ^ 13 

V?21 #22 923 
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Lemma 5.8. Suppose that n\ < n 2 . If gi and g 2 form an R-regular sequence or gi 3 ^ 0, 
then 

rtmk k (R(n 2 a + 1)/Im*(¥) n R(n 2 a + 1)) > rank fc (^(n)/(^n, ffia^is))- 
Proof. Let 

— > R(-<ti) © R(-<r 2 ) R(di - n) © #(d 2 - n) © fl(d 3 - n) 

(911,912,913) 



-s- i? — y R/(gn, 912,913) — > 



be a free resolution of R/(gu, gu, gi3), where o\ < o 2 and 



#11 ^2 ^3 

921 922 923 



<7i 3 = and must lie in fc*. Consequently, = (? n ® J, and 

\<72i # 22 5 123 / 



923912, 



If a 2 < n — di, then <7i < n — di, deg(^ 1 ) < 0, deg(g 21 ) < 0, and g' u = g' 21 = 0. But 
rank!^' = 2, so that cji 2 = (J13 = 0. Since rank!? 1 ' = 2, this implies that gu 7^ and that 
g~i = 0, which is impossible. If 01 < n — d 2 , then g' u = g' 12 = 0, and g' 13 7^ 0, so that 

'<7n 912 

y 921 922 #23, 

92 = 923911 an d g 3 = gug 22 — g~\ 2 g~n up to multiplication by elements of k*. But that 
cannot happen when gi 3 7^ 0. In the case where (gi,g 2 ) is a complete intersection, we 
see 923 £ k*. Hence # m i n (I) must be two, contradicting our assumption. 

The above observation implies that a 2 > n — di and that o\ > n — d 2 . Put Tj := 
<7j + + 1 — n for i = 1,2. We obtain an exact sequence of the form 

— ► 5(-n - r 2 )(n* + 1) — > (5(-n) © 5(-r 2 ))(n2 + 1) 



(521,922,923)*'' 



> i2(n* + 1) — ► i2(n* + 1)/ Im*(¥) n i2(n* + 1) — ► 



Since n 2 a > n\ by our hypothesis, we see n 2 a + 1 — n > by Lemma 5.4. Hence 
rank k (R(n 2 a + l)/Im^(V) n i?(n 2 + 1)) 

= T ± T 2 > gig 2 >(n- d 2 )(n - di) > rtmk k (R(n) / (g n , gu, g 13 )), 

as desired. 



□ 



Lemma 5.9. Put d 4 = n\ and d 5 = nf — n + 2. If deg(gcd(<?i, g 2 )) > and gi 3 = 0, 

there is a minimal free resolution of I over R of the form 







where 



A 



R(-n* - 2) — ► R(-n 3 b - 2 + d,) -A © -*2+ J — ► 0, (40) 



i=i 






* 


* 


h 3 


hi 


* 





* 


hi 


hi 


* 


* 





h 5 





-h 3 


— hi 


-h 5 








-hi 


—hi 












(41) 
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9i = ~h 2 h 5 , g 2 = hih 5 , g 3 = h 2 h 3 -h 1 h 4: , h 5 = gcd(g 1 ,g 2 ), and di < d 2 < d 3 < d 4 < d 5 . 

Proof. Suppose that deg(gcd(gi, g 2 )) > and that gi 3 = 0. Then gi = —h 2 gcd(gi, g 2 ) 
and g 2 = hi gcd(gi, g 2 ) with relatively prime homogeneous polynomials hi,h 2 e R of 
positive degree. Since r is sufficiently general, hi and h 2 are also relatively prime. The 
syzygy module 

Syzj^i, g 2 ) := { (h', h") e R(-di) © R(-d 2 ) \ h% + h"g 2 = } 

is therefore generated by (hi,h 2 ). On the other hand, it is also generated by (gn,gi 2 ) 
since #13 = by our hypothesis. Hence (hi, h 2 ) coincides with (gn,gi 2 ) up to multipli- 
cation by a constant and deg(hi) = deg(gu) for % — 1,2. In consequence, deg(gi/ii) = 
deg((72^2) — n - Besides, g 23 = gcd(cji,g 2 ) up to multiplication by a constant. 
By what we have seen in the proof of Lemmas 4.1 and by (27), 

b b 

fe(-nf) = kfj = H° n (I) = Ext|(i?/J, R)(-nl - 2), (42) 
1=1 1=1 

since Torf*(A, R*) = (0 : A x 3 )(-l). By (35) and (42), if°(J) is generated minimally by 
two elements. Let #4 and g$ be elements of I® with deg(g 4 ) < deg(gs) such that #4 and 
g 5 generate H®(I) minimally over R. Here deg(g 4 ) = n\ and deg(g 5 ) = — n + 2 by 
(42). Since deg(gcd(g>i, 52)) > by our hypothesis, # mi „(J) 7^ 3. Hence # min (J) = 5 by 
(2) of Lemma 5.7 and / is generated minimally by g« (1 < 2 < 5) over /?. Notice that 
di < d 2 < deg(gi) for all i = 3, 4, 5 by Lemma 5.4. With the use of Lemma 5.1, we find 
that there is a surjection 

3 

R{-n) © R(-n 2 a - 1) © R{-n\ - degfo,-)) - Syz^(J) := Ker i? (A ). 

i=i 

Since deg(g 2 j) > for all % — 1, 2, 3, we have n = min{ / | [Syz)j(/)] z 7^ } by Lemma 
5.4. 

On the other hand, since A is Gorenstein, there is a minimal free resolution of / of 
the form 

5 5 
— > i2(-/3) — >■ i2(-/3 + a,) -A — >■ / — >■ (43) 

i=i i=i 

with an alternating matrix A, where < a\ = d\ < d 2 = a 2 < ■ ■ ■ < (see [6, 
Theorem 2.1]). Since h 2 , 0, 0, 0) lies in [Syz^(/)] f , we may assume with no loss of 
generality that A is of the form (41). Put g[ := —h 2 h 5 , g' 2 := hih 5 , g' 3 := h 2 h 3 — hih^ 
and J := (g[, g' 2 , g' 3 ). Then Pfaff(ylQ)) equals g[ up to multiplication by a constant 
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respectively for i = 1,2,3, where ylQ) denotes the square matrix obtained from A by 
deleting its i-th row and j-th column. Hence J C I. Notice that deg(g-) = di for 
% = 1,2 and that deg(h 5 ) = deg(^) - deg(h 2 ) = d 1 - deg(h 2 ) = deg(gcd(#i, g 2 )) > 0. 
If ht(J) < 1, then there is an irreducible polynomial h! dividing h 5 such that (hi,h 2 ) 
and (/i 3 , h A ) (mod (h')) are linearly dependent over R/(h'). In this case, ht(J) cannot be 
three since I is generated by Pfaff(/lQ)) (1 < % < 5). Hence ht(J) = 2. In consequence, 
ht(J) = 2 and Syz^(J) is generated by \hi,h 2 ,0) and \h 3 , h 4 , h 5 ), so that I 3 g' 3 
(g'i,g 2 )- If deg(g 3 ) = d 3 > a 3 = deg(g' 3 ), then (g' 1: g 2 ) must coincide with (gi,g 2 ), since 
(9i,9 2 ) C / = (gi,g 2 ,gs) and deg(g^) = di (i = 1,2). In addition, ^ 3 must be contained 
in (gi,g 2 ) = (g'i,g 2 ), which is a contradiction. This implies that a 3 > d 3 . But d 3 
coincides with some on with % > 3. Hence 0:3 = d%. Moreover a 4 = deg(#4) = n\ and 
a 5 = deg(g 5 ) = nf — n + 2. Since J C I, deg((?9 = di [i = 1, 2, 3), and J is generated 
minimally by g[,g 2 , g' 3 over .R, one sees that J — I. One may therefore assume from the 
first that g\ = g iy g[ = gi for i — 1,2, 3. Finally, socd(A) = — 1 = (3 — 3. Thus the 
free resolution (43) is of the desired form (40). □ 

Lemma 5.10. Suppose that deg(gcd(#i, g 2 )) > and that g 13 = 0. With the notation 
of Lemma 5.9, put J := (gi,g 2 ,g 3 ) C /. Then R/J = (& b i=1 R*(-n 3 b + nf) and I/J = 
Ext 2 R (R/ J, R)(— socd(A) — 3) = ©^ =1 R*(— n 3 ) as R* -modules, and as a minimal free 
resolution of A over R* of the form (25), we have 

— >■ Ext 2 R (R/J, R)(- socd(A) -3)-*+ R/J ^ A — ► 0, (44) 

where tc is the natural surjection from R/J to A = R/I and <5 is the map induced from 
the embedding I / J > R/J. Moreover XiX 2 = X 2 Xi and Y 1 Y 2 = Y 2 Y\ with the notation 
of Section 4- 

Proof. We have an exact sequence 

— >I/J-^ R/J —> A — > 

over R with the natural surjection n and the embedding <E>. Since R/J is Cohen- 
Macaulay with \r/j x 3 = 0, it is free over R*. Hence I/J is also free over R*. 
Moreover, since J = (#i, <?2> #3) — I, the homomorphism tt ® R* : R/J <8> R* — > A is 
an isomorphism. The image of $ is therefore contained in x 3 (R/J) and the above free 
resolution is minimal over R*. Since R/J is a module over R, the matrix Xj can be 
chosen so that it represents the linear map xxj : (R/J)(— 1) — > R/J over R*. Hence 
the relations X X X 2 = X 2 X X and Y{Y 2 = Y 2 Y X hold. Taking the dual over R* of the above 
free resolution, we obtain the exact sequence 

— >■ {R/jy (// J) v — >■ Ext^ (A, iT) = A(socd(A) + 1) — >■ (45) 
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over R, where the structures of (_R/J) V , (I/J) v and Ext R *(A, R*) over R are induced 
from those of Rj J, // J and A respectively in a standard way. Since A is generated by a 
single element over R, so is (I j 'J) v by the minimal free resolution (45) over R*. On the 
other hand, ann((J/J) v ) C ann((i?/J) v ), since t( L> is injective. Besides, J C ann((//J) v ) 
and ann((i?/J) v ) C ann((i?/ J) vv ) = tmn(R/J) = J. Hence ann((7/J) v ) = J, that is, 
(I/jy ^ ( J R/J)(socd(A) + 1). In consequence, 

I/J = (//J) vv = Ext 2 R (R/J, R)(- socd(A) - 3), 

which proves our assertion. □ 

Theorem 5.11. Let I be a homogeneous ideal in R defining Gorenstein graded ring 
A := R/I of dimension zero. Suppose that char(/c) = 0. If r = 3 and # m m(0 '-a ^3) < 2, 
then A has the WLP. 

Proof. Assume that r = 3 and that r is chosen sufficiently generally. We have # m %n(i~) > 
2 since ht(7) = 2. Besides, the condition # m j„(0 \a ^3) < 2 is equivalent to # TO m(/) < 3. 
Let (a; nf , . . . , n 2 a \ nf , . . . , nf ) be the basic sequence of I. By Lemma 4.6, it is enough to 
show that nf >n 2 a . 

Case (i). Consider first the case # min (J) = 2. With the use of Corollary 5.2, we see 
#mm(-0 = 3. As we have already seen in (1) of Lemma 5.6, n\ > n 2 . 

Now assume that # m j„(I) = 3 and let g i: (ji, di and be as stated just before 
Lemma 5.8. We will show that we are led to a contradiction if n\ <n 2 a . 

As in Section 4, put L : = 0j =1 #*(-nf + nf), F : = 0j =1 #*(-nf), Z := L/x 3 L = 
©j =1 nf + nf), and F := F/x^F = @ i=1 k(— nf), and denote the canonical basis 
of L (resp. F) by {ef,...,e^} (resp. {ef , . . . , ef }). Suppose that n\ < n 2 .. Put 
p := max{ i | nf — nf+nf < 0, 1 < i < 6 } and ]5 := max{ 2 | nf— nf+n^ < 0, 1 < 2 < b }. 
Since nf — nf = n 2 — 1 by Corollary 4.9 and nf < n 2 by our assumption, we have p > 1 
and p > 1. Besides p < b, since nf > 0. Moreover, the sequence — nf + nf (1 < i < b) 
ranges over all integers from — nf+nf to as stated in Lemma 4.1, therefore nf = nf — n^. 
Put q := max{ j \ n^ +1 = n^ + p 1 < j < b — p }. For every p + l<l<p + q, we have 

< nf, so that nf — n^ > nf — nf + 1. With the use of Lemma 5.7, we find that 

[ Im ^)k-^ +1 + 2 

C [Im(^)]< n a_ n 3 +1 C if^, X 2 ] [Im(0)]< n 3_ n 3 or 
012/ G X 2 ] [Im(^)]< n 3_ n 3 for all p + 1 < / < p + q. 

Thus R*[X 1 ,X 2 \ [Im(^)]< n 3 = ff[Xi,X 2 ] [Im(^)]< n 3_„3 C A p by Corollary 2.4 or The- 
orem 2.3. Observe that the polynomials g\ and g 2 form an R regular sequence unless 
deg(gcd(gi, g 2 )) > 0, since r is sufficiently general. 
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Case (ii). Suppose that g\ and g 2 form an R- regular sequence or that g± 3 ^ 0. With 
the help of (31), (39) and Lemma 5.8, we find that 

b = rank fe (Ext|(A, R)) 
= r&nk k (R(n 2 a + 1)/ Im*(¥) n R(n 2 a + 1)) + mnk k (R(n)/(g u , g 12 , g 13 )) 
< 2mnk k (R(n 2 a + l)/lm R {*^) n R(n 2 a + 1)). 

Let us consider M 31 defined in Section 4. We have M 31 = fc[ii,i^]ef C F = (0 \a 
x 3 )(—l) = Ext^(A, R)(— nf — 2). Recall that the multiplication by Y^ corresponds to 
that by X{ for % — 1,2. Let e ^ be a homogeneous element of R(n 2 + 1)/ Im ii (*!P r ) n 
R(n 2 + 1) of degree — (n 2 + 1) which generate this module over R. When considered 
in Ext 2 R (A, R)(— nf — 2), the element t(e) (see (39)) is of the minimal degree since 
— n > —{n 2 + 1) by Lemma 5.4, with deg(t(e)) = — (n 2 + 1) + nf + 2 = n\ by Corollary 
4.9. Hence M 3 ,i = R • t(e) = £(n* + 1)/Im fl (^) n + 1). On the other hand, 

M 3:1 = M 2 ,i by (32), so that 

2rank fc (M 3i i) < rank fc (M 3i p) + rank fc (M 2 , P ) < b 
by Lemma 4.13, which is a contradiction. 

Case (iii). Suppose that deg(gcd((?i, #2)) > and that g 13 = 0. Let J = (gi,g 2 ,g 3 ) — 
(—h 2 h 5 , hihs, h 2 h 3 — h\h^) be as in Lemma 5.9. Since J has a minimal free resolution 

5 3 
_ > ij(_ n 3 _ 2 + d .) R(- di ) — > J — > 



i=i 



with A' : 



/l3 /ll 
/l4 hi 
h 5 



by (40) and since socd(A) = rj| — 1, there is an exact sequences 



— ► (R/(h 5 , h 2 h 3 - h^i-d*) 

— > Ext 2 R (R/J, R)(- socd(A) - 3) — > (R/(h u h 2 ))(-d 5 ) — > 0. 

We consider M ljl; M 2;1 and M 31 with the use of (44). In this case, L = R/J, F = 
Ext 2 R (R/J,R)(-socd(A) - 3), X X X 2 = X 2 X X and Y X Y 2 = Y 2 Y 1 . The ^-modules L, L v 
and F are therefore modules over R = R*[xi,x 2 ] through the surjections R*[x 1 , x 2 ] -» 
R*[X U X 2 ], R , [xi,x 2 ] -» and i?*[xi,x 2 ] -» i^i,^] respectively. So are 

M^i, M 2> i and M 3> i. Since d 5 = - n + 2 > - (n^ + 1) + 2 = nf = d A by 
Corollary 4.9 and Lemmas 5.4 and 5.9, we find that M 3j i = (R/(h 5: h 2 h 3 — hih^)){— d^) 
over i2. Since L v = (i?/J) v = Ext^(i2/J, i2)(-2) = F(rag) over R, we see M 2) i = 
M 3j i(nf). On the other hand, since M 1;1 = <£M 3>1 and $ : F — >■ L is injective, we have 
{R/{h u h 2 )){-d b ) F/M 3> i L/Mi,i. Notice that x 3 °(L/M hl ) C <P(F/M 3jl ) for some 
i/ > since det(£) ^ 0. Hence (F/ M i,i) V ^ (F/M 3il ) v = h 2 )) v (d 5 ). Moreover, 
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there is an injective map rj : M 2j i (L/Mi^)^ 7 by Lemma 4.12 and Theorem 2.3. Since 
(R/(h u h 2 )Y ^ Ext 2 R (R/(h u h 2 ), R) = R/(h, h 2 ) up to shift in grading, we find in this 
manner that there is an injective homomorphism rj' : Rj (/i 5 , /i 2 /i 3 — h\h\) — > Rj (hi, h 2 ) 
over R, forgetting shift of gradings. Since hiq'{\) = h 2 n'(l) = 0, it must hold that 
hi,h 2 G (h 5 ,h 2 hs — hih^). But, then, h±,h 2 G (h 5 ). Since gcd(/ii,/i 2 ) G fc*, the degree 
of h 5 must be zero, which contradicts our assumption that deg(gcd((?i, c/ 2 )) > 0. □ 

§6. The basic sequence of a complete intersection of three ho- 
mogeneous polynomials 

Let gi,g 2 ,g3 G R := x 2 , £3] be homogeneous polynomials of degrees d\,d 2 ,d3 re- 
spectively with 2 < di < d 2 < d 3 which form an i?-regular sequence and let I := 
(91,92,93) C -R. In this section, we give an explicit description of B R (I) for the case 
d 3 < di + d 2 — 1. When d 3 > di + d 2 — 1, we have B R (I) = B° as have already been 
proved in (1) of Lemma 5.6. 

Lemma 6.1. Let B = (a; v\, . . . , u 2 ; uf, . . . , 6e a sequence of integers such that 
uf = uf, + l for some 1 < I < a, 1 < I' < p. Then 

B ~ (a; v\, uf_ v uf r , uf +1 , . . . , v 2 a ; v\, . . . , v?,^, vf). 

Proof. Our assertion follows from the equality 

H + V(VV(VV(V'VH +1 ) + 

for all fj, G Z. □ 

We will denote the sequence (1,1, ... , I) (/i times) by Z M for Z G Z, /j, G N. When 
rf 3 < d\ + d 2 — 1 and di + d 2 — d 3 > 2c with c G N, we put 

u c2 := (d 2 , d 2 + 1, . . . , d 3 - 1, (rf 3 ) 2 , (rf 3 + I) 2 , . . . , (d 3 + c - l) 2 , 

d 3 + c, d 3 + c + 1, . . . , d 2 + di — c — 1), 
u c3 := ((d 2 + d 1 -l,d 2 + d 1 ,...,d 3 + d 1 -l), 

(d 2 + d 1 - 2, d 2 + dx - 1, . . . , d 3 + d x ), 

(d 2 + di — 3, d 2 + d± — 2, . . . , d 3 + di + 1), 

(o? 2 + di — c, d 2 + di — c + 1, . . . , c?3 + di + c — 2), 
((rf 3 + j, d 3 + 1 + j, . . . , d 3 + di - 1 + i)) c <j<d 2 -i), 



WLP and basic sequences 39 



and B c := (d\,v c2 ; u c3 ), where 

u c2 :=((d 3 ) 2 ,(d 3 + l) 2 ,...,(d 3 + c-l) 2 , 

d 3 + c, d 3 + c + 1, . . . , d 3 + di — c — 1) 

if d 2 = d^. Note that c < d 2 — 1. 

Lemma 6.2. Suppose that d 3 < di + d 2 — 1 and inai d\ + d 2 — ^3 > 2c it^n c G N. 
Tnen B° ~ B c . 

Proof. Since d 3 < d\ + d 2 — 1, the sequence (^3 + 1, 0^3 + 2, . . . , d 2 + d\ — 1) (resp. 
(d 3 ,d 3 + 1, . . . , d 2 + di — 2)) is a subsequence of u 02 (resp. z/ 03 ). Using Lemma 6.1 
d 2 + di - d 3 - 1 times, we find that 5° ~ 5 1 . If c > 2, then d 3 + 1 < d x + d 2 - 2, 
so that we can repeat the same procedure as above to get B 1 ~ B 2 . Hence B° ~ B 2 . 
Proceeding in this way, we obtain B° ~ B c . □ 

Theorem 6.3. Suppose that d 3 < d\ + d 2 — 1 and Ze£ c &e tae unique positive integer 
such that 2c < d x + d 2 - d 3 < 2c + 1. Tnen 5^(7) = 5 C . 

Proof. The maximal term of z/ c2 is d 2 + di — c — 1 and the minimal term of u c? ' is d% + c. 
Their difference (d 3 + c) — (d 2 + d\ — c — 1) is not negative by the choice of c, so that 
d 2 + di — c — 1 < d 3 + c. As for B R (I), one has n 2 < n 3 by Lemma 4.6 and Theorem 
5.11. On the other hand B° ~ B c by Lemma 6.2 and B R (I) ~ 75° by Lemma 5.5. Hence 
B R (I) ~ B c . Comparing h BR ^(jj,) and h B c(/ji) (/i G Z), one finds that B R (I) = B c . □ 
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